. Our method enables support-free 3D printing of solid models. By exploiting all 6 degrees of freedom (translations, rotations) and depositing material along curved layers, we make support structures unnecessary in most cases. This increases further the flexibility offered by 3D printing, such as freeing designers from support constraints on complex parts. This paper presents a new method to fabricate 3D models on a robotic printing system equipped with multi-axis motion. Materials are accumulated inside the volume along curved tool-paths so that the need of supporting structures can be tremendously reduced -if not completely abandoned -on all models. Our strategy to tackle the challenge of tool-path planning for multi-axis 3D printing is to perform two successive decompositions, first volume-to-surfaces and then surfaces-to-curves. The volume-to-surfaces decomposition is achieved by optimizing a scalar field within the volume that represents the fabrication sequence. The field is constrained such that its isovalues represent curved layers that are supported from below, and present a convex surface affording for collision-free navigation of the printer head. After extracting all curved layers, the surfaces-to-curves decomposition * Corresponding author: c.c.wang@tudelft.nl (Charlie C. L. Wang) Authors' addresses: Chengkai Dai, Delft University of Technology, Delft, The Netherlands; Charlie C. L. Wang, Delft University of Technology, Delft, The Netherlands; Chenming Wu, Tsinghua University, Beijing, China; Sylvain Lefebvre, INRIA, France; Guoxin Fang, Delft University of Technology, Delft, The Netherlands; Yong-jin Liu, Tsinghua University, Beijing, China.
INTRODUCTION
The prompt development of additive manufacturing (AM) techniques has motivated significant research effort in the area of computer graphics, computer-aided design, biomedical engineering and robotics (e.g., [Liu et al. 2014; Shamir et al. 2016] ). Although it is called 3D printing, the fabrication in most commercial systems is still taken in a 2.5D manner -materials are accumulated layer upon layer in planes along a fixed printing direction. This significantly reduces the complexity and development cost of both hardware and software. However, this introduces additional manufacturability constraints, in particular requiring the addition of supporting structures below overhangs [Dumas et al. 2014; Hu et al. 2015] ).
Various robotic fabrication systems have been introduced in recent years (e.g., [Mueller et al. 2014; Volker et al. 2015] ). They provide additional degree-of-freedom (DOF) in motion so that the direction of material accumulation can be changed during fabrication. However, planning for a global fabrication sequence without collisions is challenging, and most existing approaches can only deal with models of relatively simple shapes (see Section 2) -although theoretically the method of can be extended to handle large general models.
The challenge stems from the large size of the motion configuration space: deposition paths can follow arbitrary curves in space, exploiting all 6DOFs. Unlike multi-axis milling, that mainly focuses on forming the surface of a model by cutting materials, multi-axis AM faces the problem of filling the volume with evenly spaced, non overlapping trajectories, which are always deposited on top of an already solidified volume (no isolated 'floating' component), and that do not result in collisions during motion.
Compared to conventional 3D printing, this change from planar to arbitrarily curved layers tremendously increases the complexity of computations. While constraining layers to be planar leads to a well defined slicing problem, the additional freedom introduced by curved layers makes it challenging to even define what the geometry of the layers should be. In addition, a feasible solution has to take into account geometric constraints as well as hardware constraints.
In this paper, we present a new methodology to tackle the challenge of multi-axis AM tool-path generation. Our technique is based on the observation that the dimensionality of the problem can be successively reduced by first decomposing the volume into sequences of curved surface layers, and then decomposing each surface into curved tool-paths. Our algorithm searches for an accumulation sequence, which is collision-free, ensures always supported material deposition, and can print all regions as much as possible. Curved surface layers are covered with tool-paths taking into account hardware constraints.
Contributions:
• A novel approach for support-free multi-axis printing, that decouples the problem into first extracting curved surface layers, and second covering each surface with curved toolpaths, successively reducing the dimensions of the problem.
• An algorithm based on the computation of a scalar field representing the accumulation sequence of material within the shape during the AM process. The field is carefully constructed such that layers are convex and collision-free, supported by previous layers, and -as much as possible -do not prevent future layers to be accessed.
• The covering of curved layers with smooth tool-paths, optimizing both positions and orientation according to the constraints of the 6DOF robot realizing the motions.
We demonstrate our approach on a variety of models in both computational and physical experiments, fabricating actual objects using the tool-paths generated by our approach to drive a 6DOF filament based 3D printing platform. To the best of our knowledge, this is the first multi-axis 3D printing approach that can fabricate general volume models with minimal supporting structures.
RELATED WORK
Since its invention in the late 1980s, the core principle of AM remained largely based on the accumulation of planar layers along a single build direction [Gibson et al. 2015] . Active research in the area focuses on the use of multi-materials, faster printing and increased deposition flexibility [Gao et al. 2015b] . In particular, a recent trend is to exploit additional motion DOFs, moving away from the current limitations of planar material accumulation.
3DOF additive manufacturing
The first attempt of using non-planar layers in AM was made a decade ago in an approach called the Curved Layer Fused Deposition Modeling (CLFDM) [Chakraborty et al. 2008] . It departs from standard FDM fabrication by dynamically changing z-values within individual layers. Recently, such motions have been realized on a Delta style FDM printer [Llewellyn-Jones et al. 2016] . A shell model is fabricated by depositing a double-curved layer on top of a sandwich structure printed with planar layers. As a result, the surface of the 3D printed model does not exhibit the staircase effect. However, this approach is limited to models with relative simple shapes -i.e., height-fields facing up along the z-axis. In addition, regions with a steep slope lead to local collision between deposited materials and the printer-head. A most recent effort was paid to generate 3-axis motion tool-paths inside a given volume [Ezair et al. 2018] , which is also suffered from gouging. Keating and Oxman [2013] introduced a FDM based proof-of-concept printing, showing how exploiting all 6DOFs of a robotic arm can improve the 3D printing process. The demonstration is however limited to simple shapes (e.g., cubes, torus and cylindrical surfaces) and there are no details regarding tool-path generation. Interestingly, the extrusion nozzle is fixed while the robot moves the part below. We use a similar setup (see supplemental material). This increases filament adhesion with the help of gravity, in contrast to moving a printer-head around a fixed part (e.g., ). Pan et al. [2014] developed a five-axis motion system similar to CNC machining, accumulating materials onto an existing model. The tool-path planning algorithm only handles specific cases and relatively simple components. Recently, researchers have focused on printing wire mesh models using 5DOF. Such models are fabricated edge by edge, using freeform motions. compute collision-free tool paths for this purpose. A naïve ordering can lead to a configuration where some edges cannot be approached anymore. To tackle this challenge, a global sequence planning is formulated on a directed graph. further considers stability constraints jointly with the collision-free constraints. Both these approaches detect collisions in the optimization loop, which is time-consuming. As a result, only wire meshes with small number of primitives can be considered (e.g., less than 1k struts in ). This drawback prevents applying these algorithms to large scale problems (e.g., the Bunny model in Fig.1 has 97.5k voxels with 0.8mm width -relevant to the nozzle's diameter).
5DOF additive manufacturing
High-DOF robotic devices have been extensively used in composite fabrication (e.g., aeronautical industry [Marsh 2011]) . However, specifying the tool-paths for placing composite tapes on curved surface often requires an intensive manual work. Our ambition is to automate the tool-path generation for high-DOF 3D printing on general models, which is a critical step for direct digital manufacturing. None of the existing approaches investigates a method to produce curvilinear tool-paths within the volume of a part.
Volume decomposition for fabrication
In another thread of research, volume decomposition has been used to enable the fabrication in different scenarios. Luo et al. [2012] decompose large models into smaller pieces so that they can be fabricated on 3D printers with limited working envelopes. Other methods decompose a given model into height-fields [Herholz et al. 2015] or pyramid-based shapes [Hu et al. 2014 ] so that they can be fabricated by molding or support-free 3D printing. To fabricate large models, decompose a volume into a set of large-core-supporting height-field pieces that are 3D printed. These approaches require a manual assembly step and the final parts present fragilities along assembly surfaces.
Rotational motions have also been used to avoid manual assembly. In [Gao et al. 2015a ], material accumulation is applied around a cubic component, printing a 3D model on top of an existing object. Only cubic shapes are considered as the cores. Wu et al. [2017] propose an algorithm to segment a model into support-free parts, each fabricated by a robotic arm using planar layers.
All these methods still rely on planar layers, which constrains both the decomposition and the complexity of the parts that can be handled. In this paper, we investigate a more general curved layer decomposition method for 5DOF volume printing.
Accessibility for machining
Determining accessibility remains a challenging aspect of multiaxis tool-path planning, despite its extensive study in the context of CNC milling. Algorithms include the visibility map [Elber 1994 ] to analyze accessibility, as well as approaches that detect and avoid collisions between tools and workpieces [Ilushin et al. 2005] . Recent work focus on computing gouging-free tool-paths (i.e., no over-cut caused by local interference between tool and workpiece) while also optimizing the dynamic behavior of machines [Kim et al. 2015; Wang and Tang 2007] . The surface accessibility of a given model has also been widely studied in other areas such as for molding [Liu et al. 2009] , and for inspection and computer-assisted surgery . In general, the computation of accessibility is very time-consuming. Our problem is even more challenging -we seek to decompose a volume into a sequence of accessible surfaces with nearly uniform thickness.
Our attempts at using existing state-of-the-art collision detection techniques (i.e., the Flexible Collision Library [Pan et al. 2012]) were discouraging. For example, the candelabra model in Fig.2 has 186,735 voxels using a voxel dimensions of 0.8mm, based on the nozzle diameter. Given a sequence that adds voxels one by one, the collision detection step alone -that incrementally adds voxels and checks for collisions -can take up to 96 hours in total. However, to find a support-free tool-path a large number of such possible sequences have to be checked. A brute force approach could not be computed in any feasible amount of time. Instead, we propose a new method to maintain an accessible working surface while progressively constructing the sequence of material accumulation.
In summary, advanced AM hardware capable of multi-axis motions cannot be fully utilized at present, for lack of effective tool-path planning algorithms. Although the techniques developed for CNC milling are relevant, going from surface machining to volume filling for AM tremendously increases the complexity and the difficulty of the related geometric problems.
OVERVIEW OF 5DOF SUPPORT-FREE 3D PRINTING
To tackle the challenge of tool-path generation for 5DOF volume printing, we propose a novel approach based on a dimension reduction strategy. As illustrated in Fig.2 , a given model will be first decomposed into a valid sequence of curved layers that are manufacturable (3D to 2D), which are then further decomposed into curved tool-paths (2D to 1D).
There are many possible choices for the decomposition in curved layers, as well as for covering each layer with curves. We aim at effectively finding feasible solutions for these two problems, while taking into account manufacturability constraints.
Decomposition in curved layers
We formulate the problem as follows. Given a solid model H, we seek to decompose it into a sequence of (curved) surface layers {S i } i=1, ...,n , such as to represent the material accumulation in AM. This requires satisfying the following conditions:
(1) The solid H is well approximated by the curved layers as H ≈ ∪ i=1, ...,n Π(S i ) with Π(S i ) denoting the convolution solid of S i by a sphere with diameter r (layer thickness), and there is no overlap between layers -Π(S i ) ∩ Π(S j ) = ∅ (∀j i); (2) All surface patches {S i } are accessible -i.e., can be touched by a printer-head while not colliding any Π(S k ) (∀k < i); (3) Every curved layers S i is enclosed by the dilation of previous curved layers, ∪ k=1, ...,i−1 Π(S k ), with radius r -i.e., the overhang of S i is small so that an object under printing is self-supported.
Each Π(S i ) represents a solid layer with thickness r that can be fabricated by moving a printer-head along the surface S i . We name each surface {S i } a curved layer, or working surface, as the printer head will keep moving along it to accumulate solidified material with a thickness r during fabrication. The use of the symbol '≈' above implies a decomposition minimizing the shape approximation error. We treat the surface decomposition over the whole model under manufacturability condition as a global search problem. However, searching over all possible sequences of surface layers in a continuous volume space is impractical. To make this amenable to computation, we first discretize space into a regular voxel grid: such a representation is easy to construct, store and process. We then assume that material accumulation during AM is performed by adding voxels one by one. The criteria for validating the feasibility of a manufacturing sequence are converted into geometric constraints between neighboring voxels. The computed sequence of voxel accumulation indicates the flow of fabrication. The sequence is encoded by storing an integer (rank in sequence) at the center of each voxel. This defines a growing field G(x).
The efficient computation of a feasible growing field on the voxel grid of H is presented in Section 4. We start by introducing a simple greedy scheme using convex-fronts to ensure the accessibility of the working surfaces in Section 4.2. We then introduce the concept of voxel shadowing in Section 4.3, which is used to avoid the advancing front from a current layer to a next layer to produce inaccessible regions -i.e., regions that become 'behind' the working front and cannot be accessed any more. In Section 4.4, we introduce a heuristic based on inverse peeling to control the growth. This strongly reduces the chance of generating shadowed regions, resulting in faster computation and less failure cases.
One drawback of the voxel discretization is to cause severe aliasing of the layer geometries. To solve this problem, we compute the working surface for each layer by extracting a corresponding isosurface S * from G(x), as a polygonal surface mesh. A working surface S with accurate boundary is obtained by trimming S * with H so that the boundary ∂S of S is exactly located on the boundary ∂H of H. Details for extracting a working surface with accurate boundary are presented in Section 4.5.
An illustration for this phase of volume-to-surface decomposition in our framework can be found in Fig.2 (a)-(c). After obtaining the working surfaces, tool-paths for 5DOF 3D printing are generated on each of them by solving the surface covering problem below. The resultant tool-paths are illustrated in Fig.2 
(d).

Surface Covering
Given a curved layer surface S that is feasible, we next consider how to efficiently generate a set of (curved) tool-paths {P j } j=1, ...,m such that
(1) We cover the layer: Π(S) ≈ ∪ j=1, ...,m Π(P j ) with Π(P j ) denoting the convolution solid of P j by a sphere with radius r , and there is no overlap between paths -i.e., Π(P i ) ∩ Π(P j ) = ∅ (∀j i); (2) The number of curves, m, and the distance between the ending points of a tool-path, P j , and the starting point of the next tool-path, P j+1 , are minimized. This reduces the artifacts caused by spurious filaments (so-called stringing); (3) The shape of each curve P j should be as smooth as possible and be easily realized on a robotic arm.
To meet these conditions while covering the surface, we rely on a variation of Fermat-spiral curves [Zhao et al. 2016 ], computed on a mesh surface using geodesic distance-fields. The robotic arm introduces additional difficulties, in particular regarding abrupt changes of orientations. Printing orientations and poses are optimized to realize a 5DOF printing tool-path compatible with the robotic arm. Details are presented in Section 5.
DECOMPOSITION IN CURVED LAYERS
This section presents our method for decomposing a given solid model H into a set of working surfaces {S i } i=1, ...,n for 5DOF toolpath generation. The problem discretization is first introduced in Section 4.1. Then, we present a scheme for generating the growing field G(x) following a greedy strategy (Section 4.2), which is later improved by incorporating a mechanism to reduce the apparition of inaccessible regions (Section 4.3). A peeling-based heuristic is introduced to further reduce failure cases and to improve performance (Section 4.4). Lastly, we describe the extraction of working surfaces from G(x) in Section 4.5.
Problem discretization and approximation
The input solid model H is represented by a set of voxels {v i, j,k } with a fixed width w (i.e., H ≈H = {v i, j,k }), where c i, j,k denotes the center position of v i, j,k in R 3 .H is then converted into a growing field, from which working surfaces are extracted. To allow for the trimming that provides accurate boundaries, the input solid needs to be fully bounded by its voxel representation -that is H ⊂H.
We now give the definitions and constraints required for computing feasible sequences of 5DOF material accumulation. Definition 1 Two voxels, v i, j,k and v r,s,t , are defined as AMstable-neighbors (ASN) to each other if ∥(i, j, k) − (r , s, t)∥ 1 ∈ {1, 2}.
Here ∥ · ∥ 1 denotes the L 1 -norm. Note that only face-neighbors and edge-neighbors are considered as AM-stable neighbors: if two voxels are neighboring by only a vertex, the interface between them is deemed too small for reliable accumulation. The ASN set of a voxel v i, j,k is denoted as N(v i, j,k ).
, between c i, j,k and ∂P is less than ϵ, where ∂P denotes the boundary of P.
Material accumulation can be simulated by adding the voxels ofH one by one, first onto the printing platform and then onto previously added voxels. While generating the sequence of voxel-additions, the constraints of 5DOF 3D printing can be applied directly on the growing set of voxels. In particular, two major constraints for manufacturability are considered -support-free and accessibility.
Constraint 1 (Support-free) A voxel can only be accumulated if one of its ASNs has already been solidified (added).
Note that the support-free constraint using ASN allows to accumulate materials along all possible directions, reflecting the rotational capabilities of the 6DOF robotic arm. While this constraint results in a stable accumulation, it however provides no guarantee regarding collisions. This is dealt with through the following constraint.
Constraint 2 (Accessibility) When adding a new voxel to a set of already fabricated voxels V, the motion of the printer-head should not collide with V.
This constraint is the most challenging to achieve. It depends on multiple factors, including 1) the size and shape of a printer-head, 2) the sequence of material accumulation and 3) the local geometry of the working surface. The first factor depends on the hardware. The second and the third factors are coupled with each other, as different sequences result in different working surfaces during fabrication.
When incrementally accumulating materials voxel by voxel, both the conditions of support-free and accessibility have to be verified at all times. The computation of ASN is made very efficient by the voxel-representation. However, collision-detection for accessibility is extremely time-consuming if it is taken explicitly on all voxels. To obtain an efficient planning algorithm, we propose to always ensure that the accumulation is performed on an accessible surface, which can be navigated by the printer-head without collisions.
The visible surfaces of a model H are in fact its accessible surface if the tool is infinitely thin, e.g. is a line. In the other extreme case of using a tool with an infinitely large flat head, the accessible surface of H becomes its convex hull C(H). Considering that commercial extrusion nozzles have large, nearly flat shapes, the convex hull provides a sensible, conservative approximation of the accessible working surface. Specifically, as the materials are usually accumulated on top of a working platform T, we use the convex hull C(V ∪ T) as the conservative accessible surface for the set V of voxels that have been fabricated. In the remainder of the paper, this convex hull serves as a progressively enlarged volume-bound to supervise the collision-free motion planning. We call it the convexfront (see Fig.3 for an illustration of the advancing convex front).
Greedy scheme for convex-front advancing
As mentioned in Section 3, the growing field G(·) is generated by determining an order of voxel accumulation. A voxel v belongs to the l-th layer if G(c(v)) = l where G(c(v)) is the value of the grid node enclosing c(v), the center of v. We seek to compute a sequence of feasible layers, {L l } l =1, ...,m , where each L l consists a set of voxels that meets the support-free and collision-free constraints. Every current layer L c is ϵ-located on a convex hull which encloses all prior layers, L l , with l < c. All voxels in L c should also be ASN of voxels on the prior layers -i.e., the support-free condition is satisfied for all. Starting from the layer of voxels connected to the platform model T, the greedy scheme generates a sequence of feasible voxel layers. The algorithm opportunistically adds as many voxels as possible into the next layer, following five steps:
(1) For a model H represented by a set of voxelsH = {v i, j,k }, first assign all the voxels attached to the platform T to the first layer L 1 . Set it as the current working layer L c . (2) All voxels of L c are added into the set of processed voxels V. (by collision-free condition) will be a candidate voxel to be It is easy to find that the most time-consuming step is the computation of C c in step (3). To remove the redundancy of computation, the evaluation including all processed voxels can be replaced by only using the previous convex hull C pr ev and the newly added voxels in L c , that is C c = C(C pr ev ∪ L c ∪ T). As only the local search and the detection of in / out convex are included in the computation of this algorithm, it is very efficient -around 32.8 seconds for a model with 540.6k voxels.
This greedy strategy results in curved layers with large areas of connected voxels, that can be later covered with tool-paths. Unfortunately, it also often produces a situation where the convex-front cannot reach all regions of an input model: see the left of Figure 5 where the base of the Armadillo tail (with large overhang) cannot be reached. In the following Section, we present an improved strategy that strongly minimizes such failure cases.
Preserving accessibility
We modify the greedy scheme to significantly reduce the apparition of unreachable regions. We call shadowed voxels these voxels which can no longer be accessed because they are occluded from the fabrication device by previously printed regions.
Definition 4 A voxel, v i, j,k is shadowed if it is unprocessed but lies inside the convex hull of the current advancing front, C c . A set of shadowed voxels form a shadow region, as illustrated in Fig. 4 .
The fact that a shadowed voxel can no longer be reached is irreversible -the convex hull is monotonically increasing with respect to the inclusion property during accumulation. Thus our algorithm strives to avoid such cases. This motivates our inclusion of the following constraint to prevent shadowed regions.
Constraint 3 (Shadow-prevention) When adding new voxels onto a set of already fabricated voxels V, the number of shadowed voxels should increase as little as possible.
We add a shadow prevention sub-routine before using the next layer of voxels, L nex t , to update the field values of G(·). The subroutine selects a reduced set of voxelsL ⊂ L nex t that avoids producing shadowed voxels, as described next.
4.3.1 Incremental Scheme. Our strategy is to incrementally add voxels from L nex t intoL, checking them one by one for the apparition of shadowed voxels. Input of the algorithm includes the set of processed voxels V, the next layer from the greedy approach L nex t , and the current set of shadowed voxels S c . The algorithm consists of six steps starting from an emptyL.
(1) Check if any unprocessed voxels are inside
and add them into a set S p of potentially shadowed voxels.
(2) If S p S c , generate the reduced setL by the following steps; otherwise, exit the sub-routine returning L nex t (no additional shadowed voxel will be produced). (3) Determine a heuristic sequence Q to add the voxels from L nex t inL. (4) Remove a voxel v from the head of Q, and add v intoL if its addition does not increase the set of shadowed voxels when testing with:
(5) Repeat the above step until Q = ∅. (6) IfL ∅, assign L nex t =L. Otherwise, keep the original L nex t and update S c by S p to continue advancing the front, sacrificing the new shadowed voxels in S p (i.e., they will not be reached in the future). Different sequences Q result in different 'safe' subsetsL. It is desirable to obtain connected large regions -regions that can be easily covered by toolpaths. Therefore, starting from a randomly selected source voxel in L nex t we use a Dijkstra's algorithm to generate a sequence Q according to the voxels' distances to the source.
Testing for shadowed voxels in Step (4) potentially requires visiting all remaining unprocessed voxels, which could be extremely slow. However, only the unprocessed voxels within S p (determined in
Step (1)) can possibly be inside C t , since C t ⊂ C p . Thus, the algorithm only has to test a small portion of the unprocessed voxels.
Recursive shadow-free sets.
The algorithm can be further accelerated. The key idea is to recursively split L nex t into subsets until finding those that are safe to add (shadow-free), or until reaching individual voxels producing shadowed voxels.
Specifically, given a subset of voxels L sub producing shadowed voxels, we divide it into subsets L L sub and L R sub by splitting along the longest principal axis obtained from a Principal Component Analysis (PCA) of the voxel centers in L sub . The operation is recursed until reaching a shadow-free subset or a subset with only one voxel. The shadow-free subsets are added intoL. Pseudo-code can be found in Appendix B. This algorithm is faster as we test entire sets of voxels in a single 'shadow' check (the convex hull C t is obtained by adding all voxels from the set). Whenever the check is false, all voxels can be added toL without further testing.
When running these two algorithms on the Armadillo model shown in Fig.3 with 540k voxels, 5, 455 minutes is needed for the incremental algorithm while the adaptive refinement algorithm needs only 304 minutes to generate the similar result -i.e., a 17.9× speedup. Similar orders of speedup are observed on other models with smaller number of voxels (e.g., 6.5× on the bunny model in Fig. 1 with 97.5k voxels).
Inverse peeling for guiding the growth
The algorithm presented so far produces good results, but is slowed down by the many shadow prevention checks. In this section we introduce a heuristic that strongly reduces the need for shadow checks, by guiding the growth towards a good solution.
Our heuristic is motivated by considering the process of material accumulation as an inverse process of material removal in subtractive machining. The basic idea is to construct a material removal order by peeling away voxels from a convex-front of remaining voxels. The peeling process starts from the convex hull of the full object. It then peels aways one (curved) sheet of voxels of constant thickness, and it iterates on what remains. This resembles 5-axis CNC as material is removed along all orientations (i.e., the normal of convex-hull). An illustration of the peeling process can be found in Fig.6(a) . The order obtained from peeling is stored as an integer rank in each voxel, defining a field F (·). Then, the inverse field of F (·) is defined as:F
ALGORITHM 1: FieldGovernedCFA Input: The voxel representation of a solid model,H = {v i, j,k }, and the governing field,F (·). Output: An indication-field G(·) with value defined on every voxel ofH. 1 Adding all voxels adjacent to the platform T to the first layer, L 1 , as a set of voxels; 2 Set L 1 as the current working layer L c and C pr ev = ∅; 3 Set the layer index τ = 1 and the threshold as f τ = ∆f ;
Add all voxels of L c into the already processed set, V;
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Compute the new convex-front by the convex hull of C pr ev , L c and
Set L ne x t = ∅ and τ = τ + 1; Compute the reduced set of L ne x t for shadow-region prevention by Algorithm AdaptiveRefinementShadowPrevention; . An illustration of convex-front peeling and the peeling-governed convex-front advancing. (a) Isolated components will be generated when the voxels in the critical region are removed together with other voxels in the same layer. However, such problem on the peeling field F (·) will be automatically avoided when shadow-region preserved convex-front advancing is conducted -see (b) for a result.
This inverse field is used to guide the previous algorithm, still using shadow prevention.
Intuitively, this peeling heuristic helps reduce the apparition of shadowed voxels by encouraging the growth to proceed uniformly and progressively towards the outer object surface, curving the layers ahead of time. Without this heuristic, the algorithm grows roughly flat until a 'downward' feature is suddenly encountered (see the case in Fig.4(a) ). The orientation must locally be changed to fill the feature, creating many potential shadowed voxels. On the same case (Fig.6(b) ) the layers already curve and align with the surface thanks to the peeling order. Thus, fewer voxels are shadowed when the feature is filled. This strongly reduces the difficulty of the shadow checks; for example, the total computing time for the Armadillo in Fig.3 is reduced from 304 down to 61 minutes.
4.4.1 Field-Governed Growing Algorithm. The fieldF (·) generated by inversely peeling provides a very good guidance for the sequence of material accumulation. We revise the growing strategy to follow the field values ofF (·), controlling the "speed" of the convex-front growth in different regions. Specifically, we progressively increase a threshold f τ of the field values inF (·) and only advance shadow-prevented convex-fronts into regions where the field valuesF (·) are smaller than f τ . The algorithm introduces an outer loop above the greedy growing scheme (in Section 4.2) to control the speed of material accumulation w.r.t.F (·) as follows:
(1) Initialize the first layer L 1 by the voxels adjacent to the printing platform T and the threshold f τ = ∆f . (2) Apply the shadow-prevented greedy convex-front advancing in the set of unprocessed voxels {v i, j,k } that satisfȳ
Note that while advancing the convex-front all the constraintssupport-free, accessibility and shadow-free -should be satisfied. However, by using the inverse peeling fieldF (·) as a guiding heuristic, we observe much better performance from the shadow prevention sub-routine. Pseudo-code of the field-governed convex-front advancing is given in Algorithm FieldGovernedCFA.
Curved layer extraction
Given the growing field G(·) with values defined on every voxel of H, working surfaces of curved layers are extracted from G(·) as isosurfaces at different isovalues. Assuming that the size of a voxel is w and the diameter of the printer-head's nozzle is d, the working surfaces are extracted at the isovalues i = 1, . . . , д i , . . . , ⌈max(G(·))/d⌉ with:
We first construct a narrow-band grid around the isosurface of G(p) = д i by using the voxels which field-values fall within the interval [⌊д i d/w⌋, ⌈д i d/w⌉]. We also add their neighboring voxels. Then, a polygonal mesh surface S * i for this isosurface can be extracted by using the Dual Contouring (DC) [Ju et al. 2002] or the Marching Cubes (MC) [Lorensen and Cline 1987] algorithms. In our implementation, we select DC as it generates less polygons. The Hermite information required by DC is obtained by numerical difference on the scalar-field G(·).
Since the boundary ∂S * i of S * i being extracted from a voxel grid, it imperfectly matches the actual boundary ofH. A surface S i with accurate boundary is obtained by trimming S * i with the input polygonal model H (using, e.g., [Zhou et al. 2016] ). This produces a correct result as long as ∂S * i is always outside H, which we ensured by using a conservative sampling when constructing the voxel representationH of H. An illustration is given in Fig.7 .
TOOL-PATH PLANNING FOR FABRICATION
Once the geometry of the curved layers is obtained, each has to be covered with toolpaths for material deposition. The basic requirements on the curved tool-paths {P j } j=1, ...,m covering a surface S are: path continuity, orientation continuity and pose continuity.
Our system is similar to FDM printers: filament is heated, melted into viscoelastic material and extruded from a printing nozzle through a small hole. This principle makes it difficult to quickly switch extrusion on and off, and therefore a continuous deposition path is demanded. However, position-continuity alone is not sufficient using a multi-axis AM system. We also have to take into account the variations of orientation. Orientation-continuity is crucial for the fabrication process as it determines the smoothness -and hence quality -of material accumulation. Finally, pose-continuity is necessary to avoid poor dynamic behavior in the motion of the 6DOF robotic arm. Three requirements are addressed in three steps, using respectively a Fermat spiral curve for continuous toolpaths, a direction optimization for orientation continuity, and a graph-based optimization for pose continuity. We detail each in the following.
Position-continuity
Fused materials in FDM are difficult to control due to the compressibility of molten materials. Existing FDM printing software relieves this problem by generating smooth and continuous tool-paths. A Fig. 7 . An illustration for extracting a working surface with accurate boundary: (a) the isosurface S * i generated by dual contouring, (b) S * i is trimmed by H, to obtain (c) the resultant working surface S i with its boundary exactly located on the boundary of H. (Bottom Row) The iso-contours at different iso-values are connected to form the tool-path. Fig. 9 . A same sample point c j with a printing orientation t j along a toolpath can be realized by the robotic arm using a variety of poses (top row), determined by inverse kinematics. From the closeups, it can be seen that the Armadillo model is actually rotated around the vertical axis of the nozzle between both poses, while the same location is being fabricated. recent effort can be found in [Zhao et al. 2016 ] to cover a planar domain by a continuous tool-path in Fermat spiral. We adopt the same strategy but extend the algorithm to a curved polygonal surface S. The computation in our algorithm relies on a geodesic metric, which is far more difficult to evaluate than the Euclidean distance used in [Zhao et al. 2016 ]. Our algorithm is applied to each isolated regions of S separately and consists of three steps:
• First, we build an exact geodesic boundary distance-field over S by the Fast-Wavefront-Propagation (FWP) based on the Mitchell-Mount-Papadimitriou (MMP) method [Xu et al. 2015] . Polyline sources instead of point sources are adopted in order to improve the accuracy of the boundary distance-field.
• Then, we construct iso-contours (i.e., closed-curves having the same iso-value) over the surface mesh S.
• Finally, a 3D Fermat spiral tool-path is generated by connecting iso-contours at different iso-values [Zhao et al. 2016 ].
An example is shown in Fig. 8 for the working surface generated in Fig. 7 .
Orientation-continuity
The Fermat spiral tool-path generated over the mesh surface S i consists of many line-segments having different lengths. Each toolpath is uniformly re-sampled into consecutive points with 1mm distance. Then, the printing orientation at each sample point has to be determined. The surface normal n q at a point q ∈ S i may seem a natural choice of orientation; however it is not optimized for stable adhesion. We improve the printing orientation as follows. We first find the closest point c q of q among the surfaces of the curved layers printed before S i :
The vector, t q = c, provides a better candidate for orientation, as it is consistent with previous layers. However, orientations separately determined on consecutive samples may have large variations. We thus apply a low-pass filter on those samples with orientationvariation larger than 10 • . As a result, orientation continuity can be improved while having better material adhesion. When the tool-path passes across a crest region, large variation of orientations between two neighboring samples q i and q i+1 may also be observed. In such cases we subdivide q i q i+1 into smaller line segments and compute the orientations for the newly generated sample points by quaternion interpolation. The subdivision significantly improves the dynamic performance of the robotic arm when printing across the crest.
Pose-continuity
Our 3D printing system is built around a 6DOF robotic arm. Therefore there is an additional DOF available to the arm when moving along the tool-paths with the target orientation. We exploit this additional DOF to optimize the continuity of poses and therefore the dynamic behavior of the robot motion.
Given a list of points with orientations along a tool-path denoted as {(c j , t j )} (j = 1, . . . , m), we consider the problem of determining corresponding poses of the 6DOF robotic arm in a joint-angle space. As we are using a hardware setup with a fixed printer head, the position and orientation of material accumulation at a point is defined in the frame B of the end-effector on the robotic arm with the origin located at the center of the working platform.
We first convert (c j , n j ) into p possible poses of B in the Euclidean space, by rotating B around the axis of the nozzle (i.e., the z-axis along which to accumulate materials in FDM). In our current implementation, p = 30 is used for the sampling rate. This provides a good trade-off between computation time and quality.
For each pose of B, an analytical inverse kinematics solver is applied to determine all possible configurations in the joint-angle space, denoted as {a j,k }. A configuration will be excluded when it leads to self-collision or collision with environmental obstacles. As shown in Fig.9 , poses for realizing a sampling point (c j , t j ) of the tool-path can be significantly different from each other. Therefore, an optimization is taken to generate a sequence of continuous poseŝ a j that minimizes:
where ∥ · ∥ 1 denotes a L 1 -norm. The problem can be solved on a directed graph by using the Dijkstra's algorithm. More details can be found in supplementary document.
RESULTS AND DISCUSSION
We now present results of our approach, implemented in C++. The robotic arm and printing setup is described in supplemental material. We present experimental results in Section 6.1 and discuss limitations and future work in Section 6.2.
Experimental Results
We tested our approach on a variety of models. The first example is the hollowed Bunny model shown in Fig. 1 , discretized in 97.5k voxels. The second and third models are a Candelabra (186.7k voxels) and a hollowed Armadillo (540.7k voxels), shown in Figs. 2 and 10 respectively. We also tested on models with higher-genus topology: the hollowed Woman-Pully model (185.8k voxels) shown in Fig. 10 and the Mech-Part model shown in Fig. 11 , which has relatively regular shape but multiple topological handles. Physical printouts are shown in the corresponding figures and Fig. 12 . As can be seen, our approach successfully exploits the multi-axis motion of the robotic arm to fabricate regions with large overhang without any additional support structures. Performance data for processing the models are reported in Table 1. They are obtained on a DELL desktop with an Intel Xeon E5 1630 3.7GHz Quad Core CPU, 32GB RAM, running Ubuntu 14.04.
We now compare the different strategies we discussed for curved layer decomposition, on both the Armadillo model and the WomanPully model. We report in Fig. 13 both the computing time and the number of missed voxels. We compare the following strategies:
• GCFA: the primary greedy CFA, • SP-GCFA: the shadow-prevented greedy CFA, Fig. 11 . The result of our algorithm for a mechanical part by multi-axis 3D printing -from left to right, the working surfaces, the tool-paths and the printed model. • PG-SP-GCFA: the peeling-governed and shadow-prevented greedy CFA.
As seen from Fig. 13 , the PG-SP-GCFA scheme provides the best trade-off between computation speed and quality. Figure 14 shows a failure case of our algorithm on the Fertility model. Neither SP-GCFA nor PG-SP-GCFA generates a sequence that covers the whole model -i.e., both cannot reach voxels in the chin, although the result of PG-SP-GCFA is obtained much faster and only misses 0.7% of the total voxels. For models like this, a few additional support structures would need to be added for those uncovered regions. See Fig.14(c) for the result by adding support to the missed regions. Since the curved layers are collision-free (convex front), the tool-paths can be directly computed on them without checking for collisions. The tool-path generation for the examples shown in this paper completes in one to ten minutes. The bottle-neck of our approach is the step checking for shadowed voxels, which can take up to 89.7% of the total time for curved layer decomposition (e.g., the Woman-Pully example). As a result, the computation of curved layer decomposition can take up to hours on some large models. Of course, the time spent on 3D printing a model remains much longer than that of tool-path planning. Fig. 13 . The results of different strategies for generating the growth field G(·) on an Armadillo model (with 540k voxels) and a Woman-Pully model (with 185k voxels) -note that both models are hollowed. From left to right, the following schemes are tested: (i) the primary greedy CFA (GCFA), (ii) the shadow-prevented greedy CFA (SP-GCFA) and (iii) the peeling-governed and shadow-prevented greedy CFA (PG-SP-GCFA). The time of computation (in sec.) and the number of missed voxels are also reported. Here the time of PG-SP-GCFA includes the step of generating a peeling field. It can be found that with the help of peeling-governed field the computation of shadow-prevented CFA can be much faster (i.e., 4.98× and 10.1× speedup respectively).
Discussion and limitations
Objects fabricated by our system exhibit artifacts. The main reasons are based on hardware position error, non-uniform layer thickness and gaps between tool-paths, which are discussed below.
6.2.1 Discretization error. Our approach processes input solids discretized in voxel grids. The aliasing error along the boundary is avoided when extracting curved layers by trimming the extracted iso-surfaces by the original mesh surface (Section 4.5). However, the space in-between curved layers varies due to the discrete nature of the growing field. We consider how the actual separation distance between layers differs from the ideal, uniform thickness. Figure   Fig. 14. An example of failure case -a Fertility model with 77, 064 voxels: (a) the result of SP-GCFA scheme (2,093 seconds with 1,376 voxels missed) and (b) the result of PG-SP-GCFA scheme (142 seconds -14.7× faster but still have 511 voxels missed). After detecting the missed region and adding supports (encircled by dash line), the growing field can be successfully computed to cover the whole model (c) -PG-SP-GCFA scheme is used here (112 seconds).
15 shows the histogram of distance variations, evaluated by first sampling every curved layer into points and then computing the point-to-surface distances with the PQP library [Gottschalk et al. 1996] . It is found that the variation of distance is relatively small. In practice, during fabrication the thickness variations are compensated by controlling the feed-rate of material extrusion [Song et al. 2017] .
Interestingly, the mean of distance variation is not the same as the width of one voxel. This is due to the fact that voxels neighboring by faces and edges are considered in the same way during the front advancing in G(·) -i.e., the field value is increased by one in both cases. As this is a systematic error caused by voxel discretization, the ratio of layer-distance change w.r.t. the width of voxels is expected to remain constant. Experimentally, a ratio of 1.25× appears in most tests -see Fig.15 . Through this experimental calibration, when a printer head with nozzle's diameter d is employed, the computation should be taken on voxels with width 0.8d. For the Mech-Part example, this ratio can also be used although the resultant layer thickness is closer to 0.8d instead of d -i.e., the layer thickness 0.8d of 3D printing is realized by controlling the feedrate of material extrusion through a nozzle with diameter d.
6.2.2 Hardware. Our approach successfully handles a variety of models including those with high-genus topology and large overhangs; however, we did not explicitly optimize our approach to prevent the generation of thin-features. As a consequence, the quality of material deposition at those thin-features is not very reliable. This is considered as the major limitation on our current FDM-based hardware platform; although this will not be a problem when applying our method on some other platforms (e.g., to fabricate metal parts by arc welding). Another hardware oriented limitation is that the positioning accuracy of the UR5 robotic arm used in our system is relatively low -only with 0.1mm for the repeatability and with around ±1mm for the positioning error in low speed motion [Kruit 2013 ], which can be significantly improved when using other high-end systems (e.g., high precision 5-axis table tilting motion system as what is used in 5-axis CNC machining). Figure 16 shows a comparison of the Bunny model fabricated on our setup using different tool-paths. It can be found that the artifacts occurs for both results -i.e., positioning inaccuracy on hardware is a major source for printing error.
Our system relies on a fixed printer-head. As a result, large rotations are applied to the parts under printing, which need to be tightly attached to the end of the robotic arm. Simply using a sticky paper as with the conventional 3D printing method does not work well, as gravity alone can detach the object under fabrication. Our current solution is to first fabricate a working plate using the same material (i.e., PLA in our tests) and fix this plate onto the end of the arm by bolts (see the blue plate in Figs.1 and 12) . The objects are then directly printed onto this PLA plate. As the same material is Fig. 16 . A comparison for the Bunny model fabricated on the same robotic system by using different tool-paths: (left) the spatial tool-paths generated by our method and (right) the planar paths generated by conventional slicer for 3D printing.
used, the adhesion is strong enough to hold the part. However, the part has to be cut out from the platform after printing. Optionally the platform could be printed in water dissolvable PVA.
6.2.3 Tool-path and motion planning. As a problem already identified in [Zhao et al. 2016 ], Fermat spiral tool-paths show small gaps near the medial axis. We leave it as a future work to study other filling patterns that can result in smooth tool-paths for covering a surface patch more completely.
When computing the printing orientations based on the consideration of best material adhesion (Section 5.2), the determined orientation may drive the printer-head locally gouging into the already printed model. In our current implementation, the printing orientations are checked and corrected into gouging-free ones locally. As future research we plan to develop a better scheme to compute continuous and optimized gouging-free printing orientations along an input tool-path. Besides, the current implementation of motion-planning is preliminary -i.e., the dynamic efficiency has not been optimized. More advanced motion-planning methods will be developed in future research.
CONCLUSION
Different from conventional 3D printing that deposits materials layer by layer in planes, we propose a new system of 5DOF 3D printing that can fabricate solid models along variational directions. A FDM hardware system with multi-axis motions provided by a robotic arm is employed to fabricate solid models according to the 5DOF 3D printing tool-paths generated by our algorithm. The most challenging part of this system is how to efficiently and effectively compute the feasible sequence of material deposition so that the fabrication can be performed in a support-free way.
We introduced a methodology to compute advancing fields for material accumulation by always performing material deposition along the surfaces of convex hulls -therefore, the printing process is guaranteed to remain collision-free. Our algorithm first produces a scalar field that represents the growth of the shape during the AM process. After that, we extract from the field a sequence of curved layers, and tool-paths are generated to cover each curved layer by incorporating the constraints from hardware systems. Both computational and physical experiments have been conducted to verify the output of our algorithm.
The results of our experimental tests are very encouraging. Models with large overhangs and high-genus topology can be successfully fabricated by our 5DOF 3D printing system without any supporting structures. We believe that our tool-path generation algorithm will be widely used in 5DOF 3D printing systems to enable a variety of new applications.
